A GENERALIZED COHERENT STATE APPROACH OF THE QUANTUM DYNAMICS FOR
Laboratoire associe au Centre National de la Recherche Scientifique
Iiitrodluction
The remarkable properties of inverse square potentials in the quantum mechanical treatment of the one-or many-body problem is known for a long time [1, 2] . Furthermore, the quantum dynamics for harmonic oscillators with a frequency which is variable in time is known to be exactly solvable in terms of the classical motion (see review [7] and references therein contained). The fact that these properties can be combined to solve the quantum dynamics for Hamiltonians of the form g being a constant, has also been discovered recently [3, 9] , and exploited for example by myself for the study of the quantum dynamics of two or three ions in a quadrupole radio-frequency trap (also called Paul trap) [4, 5] .
In this letter, I want to show that a very simple solution of the quantum mechanical dynamics for Hamiltonians (1.1) is obtained by the use of the so-called "Peremolov's generalized coherent states" of the Lie algebra of SU(1, 1) [9] . A privileged role is played by the classical solutions for the quadratic Hamiltonian
We note in passing that these classical solutions also determine the classical trajectories for Hamiltonian (1.1). where the complex function p and the real function y satisfy the following differential equations :
Remark,1 T(p) is the generator of "generalized coherent states" introduced by Perelomov [9] , and reduces to the generator of "squeezed states" in the harmonic oscillator's case where
(see ref. [6.8] ). Therefore theorem 1 is essentially given in Perelomov's book ( [9] , § 18.2). However we give here a simple proof, for the sake of completeness. It relies on the following lemma: Lemma 1 i^T(Pt) = (aK+ + aK. + pKo) T(Pt)
for the proof of lemma 1, see [6] , lemma 4-Now, differentiating the RHS of (2.8) with respect to t (a dot denotes differentiation w.r. to t) we obtain :
and since
a necessary condition for (2.5) to hold, with H(t) given by (2.4) is :
Now combining (2.11) and (2.12) we easily get (2.9, 10).
-The classical equations of motion for quadratic Hamiltonians
A remarkable role for the solution of the problem of section 2, which is shown to reduce to solving differential equations (2.9, 10), is provided by the quadratic Hamiltonians, namely the timedependent Hamiltonians that are quadratic in the quantum operators Q (= multiplication by x) and P = -i -. In some sense, dx the quadratic Hamiltonians, as we shall see, are the paradigm of the most general case of generators of SU(1, 1) Lie algebra considered in section 3.
Assume Ky and K± be the following operators in L2(IR) :
so that H(t) given by (2.4) is the following quadratic Hamiltonian :
The classical dynamics generated by (3.2) is given by the following Newton's equations, which are linear :
We shall see that such solutions generate the functions p(t) and y(t) of section 2, which allowed to construct the exact quantum evolution operator (2.8) of the general case.
Proposition...... 2 Let (q, p) be the classical complex phase-space trajectory given by (3.3), with initial data (qo, po). Define :
3.4)
Then pt and ^ obey the differential equations (2.9, 10) respectively.
Furthermore IptI ^ 1 is true provided the initial data (qo, po) satisfy IPo'< 1.
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Proof:
13)2 Iql 2 + Ipl 2 + i(pq • pq) lq|2 + |p|2 -i(pq . pq) W = i(pq -pq) is easily seen to be constant along any trajectory (3.3). Therefore, in order that IPo^ ^ 1, W must b& fnegative\reai)
, which immediately implies that 1(3(1 < 1 for any t. Thus it is a good candidate for constructing the generator T(P() of "generalized Perelomov's coherent states". Now using (3.3) it is immediate to check that the differential equations (2.9, 10) are satisfied by the functions P and y defined by with natural domains.
Proof: Clearly, the operators KQ and K± defined by (3.9) obey the commutations relations (2.1, 2). Furthermore, H(t) is of the form (2.4) with real functions ^ and | J, :
Therefore the Newton's equations (3.3) reduce to equation (3.5) , and (3.7, 8) are nothing but (3.4). Corollary 1 is thus an immediate consequence of propositions 1 and 2.
Remark 2
We note also that solutions of (3.5), namely of the classical p2 4. n2 f(t) equations of motion for HQ(t) =----"---^ provide a solution of the classical equation of motion for H(t) : assume ^ be a complex solution of (3.5) with initial conditionŝ 2i9 = Log I: , and therefore 2i9 = ss " ss .
• --• B
ut ^ -^ is constant and equals 2ig. Therefore 9 = gu" 2 . This implies^ = e 10 [ii + ig u" l )
and therefore^ = e^ [u -g2 u~ 3j == -f ei® u which was the claim.
The quantum N »body problem wit h^^^^^^^^^^m^î nt^ra^lionjs
We now turn to the following N-body Hamiltonian in dimension one :
As already suggested in ref. [9] , it can be exactly solved along the lines described above. As for (3.9), it is not hard to check the commutation rules (2.1, 2) for KQ and K± defined by (4.6, 7), using (4.5). Furthermore H(t) is of the form since (4.8)
Therefore omitting the trivial uniform center-of-mass motion we get the following result :
Proposition 3
Let ^ be a complex solution of equation (3.5) , and let (3 and y be defined by (3.7, 8) respectively. KQ and K± being defined by (4.6, 7) let T( (3) 
CQnclusiQn
We have seen that, in great generality, the generators T((3) of the "Perelomov's generalized coherent states" of the SU(1, 1) Lie algebra allow to solve the time-dependent Schrodinger equation, when the Hamiltonian is a linear combination of the generators of this algebra, with time-dependent coefficients. Furthermore this approach outlines the prominent role of the solutions of classical linear equations of motion for constructing these generalized coherent states.
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